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The change in phase factor of the wavefunction does not affect the absolute value of the matrix 
element, but does change the phase factor of the off-diagonal matrix element. This phase 
dependence causes a serious confusion in the sign of some parameters in the molecular 
Hamiltonian, which appear only in the off-diagonal matrix element; for example, the sign of the 
/-type doubling constant q of a linear or a symmetric-top molecule. In the present paper, the energy 
eigenvalues, symmetry species, and labeling of the eigenfunctions are discussed for the K-type 
doubling of asymmetric-top molecules and for the /-type doubling of linear or symmetric-top 
molecules in relation to the choices of phases in the basis wavefunctions. 

I. Introduction 

A glance at the l i terature for l inear and symmetr ic 
top molecules shows an annoying confusion of plus 
and minus signs accompanying the /-type doubl ing 
constant q. For example: the q constants for acetylene 
were reported as posit ive by Lafferty, Suenram, and 
Johnson [1] and M a t s u m u r a , Tanaka , Endo, Saito, and 
Hirota [2], but on the o ther hand Strey and Mills [3] 
and Pliva [4] reported negative q values. For asym-
metric tops, confusion is seen in the association of 
symmetry species labels with Wang submatr ix labels 
of individual levels. Equat ions (24.8) or Table 7 in 
Nielsen's article [5], for instance, are not consistent 
with Eqs. (1) or Tab le 2 n l in Sect. 2n of Allen and 
Cross's book [6], The origin of all of these prob lems is 
the choice of phase factors in wavefunct ions. 

In the present paper , it is shown in this section why 
the phase factor is critical for the problems. In 
Sects. II —V the origin of the "a rb i t r a ry" phase factor 
is reviewed. The phase factor is followed through the 
general t ransformat ion propert ies of the symmetr ic-
top wavefunctions, and it is shown how the def ini t ion 
of the Wang linear combina t ions limits the phase 
factor to a discrete range of values. The remaining 
"arbi t rary" choices are compared for an asymmetr ic 
rotor. In Sects. VI — VIII a s imilar t rea tment is 
followed for linear molecules. In Sect. IX brief com-
ment will be given for symmetr ic tops. 
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The arbitrary phase factor arises f rom the fact that 
the Schrödinger equa t ion is homogeneous in the 
wavefunction, 

Hy/n = Eny/„. (1) 

The energy eigenvalue En is independent of the 
ampli tude of the wavefunct ion. T h e ampl i t ude of the 
wavefunction may be def ined by normal iza t ion of the 
wavefunction. However, the e igenfunct ion thus de-
Fined still has an arbi t rary phase factor, because the 
ampli tude of the wavefunct ion can be a complex 
quantity. 

Now we look at the matr ix e lements of a pe r tu rb-
ing operator H'. By changing the phase of the wave-
function y/n by a„, a new wavefunct ion y/'n is ob ta ined: 

y/'n = exp [/ a„] y/n. (2) 

Using these new wavefunct ions as the basis set, the 
matrix elements of H' can be obta ined. They are 
related to those in the old basis set by 

(yn H' y'm) = e x p [ i ( a m - a „ ) ] < ^ „ | / / ' | y/m) . (3) 

This equation shows that the change in phase factor 
of the wavefunct ion does not affect the absolute value 
of the matrix element, but does change the phase 
factor of the matrix element. It should be noted that 
only the relative phase of the two wavefunct ions 
appears in the right side of (3). T h e diagonal mat r ix 
elements are not changed at all by the phase choices 
because the phase factor in (3) vanishes if n = m. 
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When the two states, n and m, are degenerate with 
a common eigenvalue £", the off-diagonal matrix ele-
ment of the per turbing term between the two states 
contributes directly to the energy, and the phase 
factor plays an impor tan t role. For a two level system 
the energy matr ix is given as 

Vm 

H'm 

e 
(5) 

This energy matr ix can be diagonal ized by taking 
linear combinat ions of the wavefunct ions . If the off-
diagonal matr ix element h'nm is real, we may take 

= ( y / n + y/m)/y 2 and yT = (i//„ - y/m) /^ 2 , and 
obtain 

e + h'nm 0 

0 E - H ' 
(6) 

The off-diagonal e lement appears in the eigen-
values, which now contain the cont r ibut ion of the 
phases. The energies of the y/+ and i//- states depend 
on the phase choices in the original basis functions. 
This is the case for K-type doubl ing of the k = 1 
state of an asymmetr ic rotor and /-type doubl ing of 
the / = 1 state of a l inear or symmetr ic - top mole-
cule. 

The intent of this pape r is to make this phase 
dependence clear by fol lowing the s tandard theory 
but emphasizing the phase factor in all steps. The 
notations and formula t ions follow closely the book 
of Bunker [7], 

II. Symmetric-Top Wavefunction 

The eigenfunction for rotat ion of a symmetr ic top 
is usually called a symmetr ic- top wavefunct ion , 
which is the e igenfunct ion of the fol lowing rota-
tional Hamil tonian: 

hsym = [ a j 2
: + b ( j 2

x + j 2
v ) ] / f r (7) 

where jx, jv, and j : are the angular m o m e n t u m 
operators in the molecule-f ixed axis system, and a 
and b are the rotational constants in units of energy. 
The r axis is the axis of symmetry, and we assume 
here that the top is prolate, a > b. This assumpt ion 
does not limit the generality of the fol lowing discus-
sion. 

By introducing the Euler angles, Fig. 1, the 
Hamiltonian opera tor (7) can be writ ten in the 
differential opera tor form, and the following Schrö-

jr y ^ 

— \ 
' \ \ • \ \ • \ \ 

/ 

Fig. 1. Definition of the Euler angles. 

dinger equation is obta ined: 

1 0 I . 0y 
P ^ ä ö + aV 

s in 2 # d(p2 

0 V cos2 9 a 
+ s i n 2 9 + ~ b ) 0 / 2 

2 c o s 0 02 u/ e 
T — + — u/= 0 . 

sin # d/dcp Bv (8) 

The definition of the Euler angles is the same as 
that of Van Winter [8], Herzberg [9], Landau and 
Lifshitz [10], Townes and Schawlow [11], and G o r d y 
and Cook [12]. However unfor tuna te ly this def ini-
tion is not the same as that of Bunker [7], Edmonds 
[13], Nielsen [5], and Wilson, Decius, and Cross [14]. 
The differences between these two def in i t ions of the 
Euler angles are in the def ini t ions of cp and The 
former uses the angles (X-O-N) and ( . Y - 0 - A ) , 
and the latter uses the angles (Y-O-N) and 
(y-O-N) for cp and respectively. The re fo re cp and 
/ differ by n/2 in the two defini t ions. However the 
Schrödiger equat ion (8), is the same for both def ini-
tions of the angles, because the var iables (p and / 
appear only in the different ial operators . 

The eigenfunction of (8) is wri t ten as 

V = SJkm(0) exp [/ m <p] exp [/' k /] • (9) 

Since the different defini t ions of the Euler angles 
shift the angles (p and / by n/2, the e igenfunct ion (9) 
changes its phase factor when the angle def in i t ion is 



changed. The change of phase is thus dependent on 
the quantum numbers m and A. However, since the 
phase is "arbitrary", it can be ultimately defined in 
either case by using the off-diagonal matrix ele-
ments as discussed later. 

The eigenfunction (9) is simultaneously the eigen-
function of the angular momentum operators 72, 7 Z , 
and Jz\ 

J2y/ = ti2J (7 + 1) yj , Jzy/ = ti m yj , 

and 

J-y/=hky/, (10) 

where the subscript Z means space-fixed Z axis, 
and that of z means molecule-fixed z axis. Thus we 
express the wavefunction by these three quantum 
numbers 7, k, and m\ 

<//=( 7 , A , m > . (11) 

The quantum numbers k and m can have 2 / + 1 
values, from — 7 to + 7. Later we use the capital 
letters K and M for the absolute values of k and m, 
respectively. The functions 7, 0, m ) are propor-
tional to the spherical harmonics which are the 
eigenfunctions of a diatomic molecular rotator. 

In most papers, the phase factors are given in this 
step with full mathematical expressions of the 
functions 7, k, m) , for example see [8]. However we 
introduce the phase factor in a different way, 
because it is much more convenient to define the 
relative phases of the wavefunctions by using the 
off-diagonal matrix elements. In the next section it 
is shown how to define the phase of the function 
7, k, m) relative to the function 7, 0, 0) , 

j ' °> = n at d ^ <12> d(cos 6y 

where N is a normalization constant. 

in . Building up the Function 7, k, m ) 

The ladder operators for the symmetric-top wave-
functions are defined by 

Jr=Jx±iJ¥, Jf = JX±iJy, (13) 

where the subscript r means that the operators are 
defined in the rotating axis system which is fixed in 
the molecule, and the subscript s means that the 
operators are defined in the space-fixed axis system. 
The matrix elements of these ladder operators can 

be found in any textbook: 

(7, A, m 7S
+ 7, A, m— 1) = / ( 7 , m) exp ( - /' a), 

<7, A, m - 1 7~r 7, A, in) = / ( 7 , m) exp (/ a), (14) 

<7, A - 1, m J ' t 7, A, m) = / ( 7 , A) exp (/ q) , 

<7, A, m J' 7, A - 1, m) = / ( 7 , A) exp ( - i g ) , (15) 

where 

f(J,n) = ti[J(J+ \)-n{n- 1)]1/2. (16) 

Here we have introduced the phases o and q, which 
represent the phase differences of the two wave-
functions used for calculating the matrix elements. 
In most textbooks, these phase factors are assumed in 
an a priori manner to be 1, —1, /, or —/'. In the 
present work we take a more general approach. The 
phase factors are written explicitly and we have 
them in so that their effect is seen in the final 
equations. Since the quantity o and q are "arbi-
trary", these quantities can be functions of the 
quantum numbers. However such a choice of phases 
is not practical, and we will assume that o and q are 
constant. This assumption does not harm the gener-
ality in the following discussion. 

Because of the hermitian properties of the 
angular momentum operators, the two matrix ele-
ments in (14) should be each other's complex con-
jugate, and the same is true for the matrix elements 
in (15). Therefore the phase factors in (14) are 
related; one has o and the other has - o as the 
phase. In (15), one has the phase of q and the 
other - g. 

Equations (14) can be rewritten as 

7, A, m + 1 > = exp [/ o]Jt 7, A, m>//(7 , m + 1) 

and 

7, A, m - 1 > = exp [ - / o] J~ j 7, A, m>//(7, m). (17) 

Using these equations M t imes successively, starting 
with the function 7, A, 0) , we obtain 

7, A, M> = h~Mexp[iMa] [(7 - M)\/(J + A/)!]1/2 

•{Jt)M\J, A, 0 ) 
and 

7, A, - M> = /T M exp [ - i M o] [(7 - M) !/(7 + M)!]'1/2 

• (7S~)M 7, A, 0 ) . (18) 

In a similar manner the wavefunctions 7, K, m) can 
be created from the function 7, 0, m) by applying 



the Jf operator K t imes; 

7. K, m ) = trK exp [/ K o] [(J - K)\/{J + K)!]1/2 

• (J~)K J, 0, rn) , 

and 

J , - m > = trKexp [ - iK p] [ ( y - K ) \ / ( J + K)l]1 /2 

• (/+)* J, 0, m) . (19) 

By combining these four equat ions , (18) and (19), 
we have 

J , ± K, ( ± ) M ) = trK~Mexp[±i Kg]exp[(±)i Mo] 

• [(J- K)\{J- M)\/(J + K)\(J + M)\]ul 

• (J?)K(J?>)M-J, 0 . 0 ) , (20) 

where the ± signs are correlated with each other 
and the ( ± ) signs are also correlated with each 
other. Each of the symmetr ic- top wavefunct ions 
thus generated has a un ique phase which is def ined 
by the phase factors in the matr ix elements of the 
ladder operators in (14) and (15). 

Now we def ine the normal iza t ion factor, which 
includes the phase factor, of the wavefunct ion 
J,±K. ( ± ) M > as 

nj,±k.(±)m= h~M~K exp[+ /Ä^@]exp[(±) i M o] 

• {{J - K)\(J - M)\/{J + K)\{J + M)!] l / 2 . (21) 

We have then a relation 

Nj,K,m = Nj-KM1exp [2iKg] (22) 

which is used in the next section. 

IV. Symmetry Properties of the Symmetric-Top 
Wavefunction 

Following Bunker [7] we int roduce two operators; 
one rotates the molecule-f ixed axes by an angle ß 
about the r axis, Rß

:, and the other rotates the 
molecule-fixed axes by n about an axis which is in 
the x - y plane and which is i radians f rom the .v 
axis. R\. The t ransformat ion propert ies of the Euler 
angles and angular m o m e n t u m components in the 
molecule-fixed axis system are summar ized in 
Table 1. which is identical to Table 7 - 1 of Bunker 's 
book except for the property of / for the R* opera-
tion. The dif ference arises f rom the dif ferent def ini-
tion of the Euler angles. 

From the t ransformat ion propert ies of the Euler 
angles, it can be shown that the wavefunct ion 

Table 1. Transformation properties of the Euler angles and 
angular momentum. 

R'l R* 

e e n-9 
<p <p (p+ n 
X x + ß 7i - % — 2 a 

I: Jx cos ß + Jy sin ß j x cos 2 a + Jv sin 2 a 
Jy Jy cos ^ + 7vsin ß —Jy cos 2 a + Jx sin 2 a 
J._ J - -J: 

J, 0, 0 ) is t ransformed by the two operators as 

RlJ, 0 , 0 ) = J , 0, 0> (23) 

and 

R* J , 0, 0 ) = ( - 1 ) J 7, 0, 0 ) . (24) 

From the t ransformat ion proper t ies of the angular 
momentum operators, the following opera tor equa-
tions can be obtained: 

r ' u ' r = exp [ + / ß]Jr r ' i (25) 

and 

r n J f = exp [ ± 2 i i ]Jf r*. (26) 

Since the operators rß
: and do not change any-

thing about the space-fixed axes, they c o m m u t e 
with the J r operators. By using these equat ions , 
( 2 3 - 2 6 ) , the t ransformat ion proper t ies of the sym-
metric top wavefunct ions k. m> can be obta ined 

rß
: j.±k, (±)m) = rß

zNj,±KA±)M 

• ( J 7 ) k ( J Y Y 0> (27) 

= exp [±iKß] J,±K,{±)M>, 

r l j , ± k , ( ± ) m ) = r * N j , ± k a ± ) m 

' (A±))M y, o, o) 
= ( - l ) y e x p [ + 2 i K z ] N j + K A ± ) M 

• ( J ^ V Y Y J- 0, 0 ) . (28) 

Equation (28) can be rewrit ten by using the relat ion 
between the normalizat ion factors, (22), as 

r * j , ± k , ( ± ) m > 

= {-\)Jexp[ + 2iKy.]Nj+KA±)M 

• J , + K , ( ± ) M ) / N j ^ k a ± ) m ( 2 9 ) 

= (— l ) y exp[+2/ATa]exp[±2/A^0] 

• J. + K.(±)M). 



Equations (27) and (29) can be summar ized in more 
general form: 

R? J. k, m) = exp [/ k ß] J, k, m) 

and 

R1 J, k, m> = ( - 1 )J exp [ - 2 / k a] 

• exp [2 / k g ] J , - A, m> . (30) 

It should be noted that the t ransformat ion proper -
ties of the symmetric top wavefunct ions d e p e n d on 
the "arbi trary" phase, g. 

V. Wang Linear Combinations and K-type Doubling 

The rotational Hamil tonian of an asymmet r ic top 
is 

# asvm - [AJl + BJ'I + Cßc]/tl2 , (31) 

which can be rewritten by using the ladder opera-
tors as 

/ / a s y m = {[A ~ (B + C)/2]fi + (B + QP/2 

+ (B-Q [(Jt)2 + ( / 7 ) 2 ] / 4 } / h 2 , (32) 

where we used the V representat ion [15] for the 
molecule-fixed axes; the axis of the smallest 
moment of inertia, a, is the z axis, the axis for the 
largest moment of inertia, c, is the y axis, and the 
b axis is thus the x axis. If we neglect the last term 
in the Hamil tonian (32), the Hami l ton ian is iden-
tical to that of a symmetr ic rotor. There fore we can 
use the symmetric top wavefunct ions as the basis set 
for the asymmetric rotor wavefunct ions . T h e term 
with ( B - C ) gives off-diagonal matr ix e lements in 
this basis. The Hamil tonian (31) shows that it is 
invariant under the symmetry operat ions of the 
four-group [16], {E, R*, Ry, R*}. There fore it is best 
to have a basis set which fo rms the i r reducible 
representation of this group. T h e Wang t r ans fo rma-
tion [17] is used for this purpose . The charac ter 
table of the four-group V is given in Table 2. 

Table 2. Character table of four-group V. 

V E R*. R* R* 

A I 1 1 1 
B. 1 1 -1 -1 
Bx 1 -1 1 -1 
Bv 1 -1 -1 1 

The Wang linear combinat ions are def ined for 
K * Oas 

K, m, y) = [J,K, m> + ( - 1Y \J, - K, m ) ] / ( 3 3 ) 

where y is an even or odd integer, or s imply 0 
or 1. They are required to form a basis set of an ir-
reducible representation of the four-group. Since 
the three rotational operators in group V are special 
cases of Rß- and R\, the following t rans format ion 
propert ies of the symmetr ic- top wavefunct ions can 
be derived using (30): 

Rn
x J, k, m) = ( - 1 )Jexp[2ikg]\J,~k, m> , 

R* J, k, m) = ( - 1 )J+k exp [2 / k g] | J, - k, m> , 

and 
Rn

:\J, k. m) = ( - 1)* J, k, m) . (34) 

The Wang linear combinat ions are then t rans formed 
as 

R * J, K, m, y) = ( - 1 )J+y exp [ - 2 iK p] 

• [ J, K, m) + ( - 1 ) ' e x p [ 4 i K g ] J,-K, m ) ] / V T , 

J, K, m, y) = ( - iy+K+veXp2iKg] 

• {j J, K,m) + (-\yexp[4iKg]\J,-K,m)}/]/Y, 

Rn
: J, K, m, y) = (-\)K\J, K, m, y). (35) 

Two of the above relations include the "a rb i t r a ry" 
phase g. Here we come to an impor tan t result: T h e 
Wang linear combinat ions def ined by (33) can fo rm 
a basis set for the irreducible representat ion of the 
four-group only when the "a rb i t r a ry" phases of the 
symmetric top wavefunct ions are chosen so that 

exp [ 4 / ^ 0 ] = 1, or g=nn/2, (36) 

so that the right hand sides of (35) are propor t ional 
to the original funct ion J, K, m, y). If some other 
phase choice is used in the symmetr ic top wave-
functions we have to use linear combina t ions with 
complex coefficients instead of the s imple fo rm of 
(33). More generally, we can state that the choice of 
phase is not "a rb i t ra ry" any more if we requi re cer-
tain symmetry properties for the wavefunct ions [8, 
15]. 

In the choice of phase in (36), the t rans format ion 
properties of the Wang linear combina t ions are as 
follows: for the phase choice (i) n = even integer 
(0 = 0, TT,...), 

Rn
x J, K, m, y) = ( - l)-7^ J, K, m, y), 

R* J, K, m, y) = ( - K, m, y) , 



Table 3. Four-group symmetry of Wang linear combination. 

even J odd J 

(i) (ü) (i) (ü) 
K y q = 0. n q= n/2,3 n/l q = 0, n o = n/2,3 n/2 

E+ e e A A B. B. 
E~ e o B. B. A A 
0+ o e B\ B\ Bv Bx 
0~ o o Bv Bx Bx Bv 

and 
Rn

: J, K, m, y) = ( - 1 )* J, K. m, y), (37) 

and for the phase choice (ii) n = odd integer 
(q = n/2, 3 n/2,...), 

K, m, y) = ( - 1 )J+K+y\J, K, m, y), 

j J, K, A??, y) = ( - 1 )J+y J, A. w, y) , 

and 
R*: J, A. m, >•) = ( - 1)* 7, A:, m, y). (38) 

It should be noted here that the characters of Rx 

and Ry are interchanged if we change the phase 
choice (i) to (ii). For example, Nielsen [5] used the 
former phase convention and Allen and Cross [6] 
used the latter. 

For a given 7, the symmetry of the Wang linear 
combinat ion is represented by the pari t ies of K 
and y. The wavefunct ions are then labelled as E+, 
E~, 0+, and 0~ [15], where E and O represent 
A^=even and odd state respectively, and + and -
represent y = e v e n and odd combinat ions in (33) 
respectively. The symmetry properties of the Wang 
linear combinat ion are summar ized in Table 3. The 
most important effect of the choice of phase is that 
the symmetry of the 0+ and 0~ wavefunct ions are 
opposite for choice (i) and (ii). In Table 3 and the 
following, the range of the phase choice is repre-
sented by 0, n/2, n, 3 n/2, instead of the general 
form of (36). 

The diagonal matr ix element for K = 1 using 
Wang linear combinat ions as the basis is 

(J, 1, m, y H.dSym J, 1, m, y) 

= A - (B + C)/2 + (B + C)J (J + l ) / 2 

+ ( - l ) ' c o s ( 2 o ) ( ß - C)J(J+ l ) / 4 . (39) 

The off-diagonal element between 7 = even and 
7' = odd states is 

(J. \,m, y Hasym 7.1,/??./) 

= - 1 s i n ( 2 e ) ( 5 - C)J(J+ l ) / 4 , (40) 

which is purely imaginary, and vanishes in any of 
the choices of phase in (36). This fact corresponds 
to that ment ioned in the int roduct ion. (5) and (6). In 
the present choice of phase, the off-diagonal matrix 
elements of the asymmetric rotor Hamiltonian H a s y m 

in the basis of symmetr ic top wavefunct ions are all 
real, and the energy matr ix for k = 1 and - 1 states 
can be diagonalized by the Wang linear combina-
tions. This is a direct result of the fact that we 
required the four-group symmetry of the Wang 
linear combinations: of f -d iagonal matrix elements 
vanish between states of d i f ferent symmetry. 

Thus, (39) represents the rotat ional energy of the 
K = 1 states of the asymmetr ic rotor in the first 
order approximat ion. In the phase choice (i), g = 0 
or 7i, the matrix element is 

(J. 1.77?, 7 ^asym -A F Y) 

= A - (B + 0 / 2 + (B + C)J (J + l ) / 2 

+ (-\)y(B-C)J(J+ \)/4. (41) 

This equat ion shows that the 0+ component of the 
K= 1 doublet has higher energy than the 0~ compo-
nent. In the phase choice (ii). g = n/2 or 3 n/2, the 
matrix element is 

( J , I./77, 7 H asvm J• 1 • 7) 

= A- (B + C)/2 + (B+ QJ(J+ l ) / 2 

- ( - 1 ) > ' ( £ - C)J(J+ l ) / 4 . (42) 

which shows that the 0+ component of the K = 1 
doublet has lower energy than the 0~ component . 
Thus the correspondence between 0+ and 0~ wave-
functions and the upper and lower components of a 
K = 1 doublet is inverted by the change of phase 
choice. However, since the phase choice also re-
verses the symmetry of the 0+ and O~ wavefunctions 
as seen above, the upper K = 1 component always 
has Bx symmetry and the lower has By symmetry. 
This relation is invariant under the change of phase 



Table 4. Classification of wavefunctions of Ä^-doubling 
components for K = 1 of an Asymmetrie rotor. 

.^-doubling 
component 

Symmetry 
for even 
J state 

Wavefunction with phase choice .^-doubling 
component 

Symmetry 
for even 
J state (i) 0 = 0, n (ii) q = n/2, 3 7c/2 

upper 
lower 

Bx 

Bv 

0+ 0~ 
0~ 0+ 

choice. It is reasonable because the eigenvalue or 
character of a non-degenerate state is def ined by a 
homogeneous equat ion of a l inear operator , like the 
Schrödinger equat ion (1), which does not depend 
on the phase factor of the wavefunct ion. These 
results are summarized in Table 4. 

VI. Two Dimensional Isotropic Harmonic Oscillator 

A bending vibration of a l inear molecule is de-
scribed as a two dimensional isotropic h a r m o n i c 
oscillator (THO) in the zero-order approx imat ion . 
Such a bending vibrat ion is doubly degenera te and 
the Hamiltonian is given by 

Htho = [(Pi + Pl)/m +f(R2 + Rl)]/2 , (43) 

where Ra and Rb are the two displacement coordi-
nates of the degenerate bending mode , Pa and Pb 

are the conjugate momenta , m is the reduced mass, 
and / is the force constant. It is convenient to 
introduce dimensionless coordinates [5] def ined as 

and 

qa = >} '\m/h)mRa 

qb = kx,\m/h)xnRbt (44) 

where / = f/m. Then the T H O Hami l ton ian is ex-
pressed by these new coordinates and conjuga te 
momenta as 

//TH0 = Ä fl) (pl/h2 + p w + q2
a+ ql)/2 , (45) 

where oj = )}'2 is called the ha rmon ic f requency 
(radian/s). Using cylindrical coordinates, the co-
ordinates qa and qb are 

and qb = q sin i , (46) qa = q cos a 

as shown in Fig. 2, where the angle a is measured 
f rom the molecule-fixed x axis. When the bending 
vibration is excited, an angular m o m e n t u m is 

directed along the z axis, and is expressed by an 
operator M, 

M= qaph-qbPa, (47) 

or in mathematical form using cylindrical coor-
dinates, 

M = — i h ( 5 / ö a ) . (48) 

The eigenfunctions of the Hamil tonian (45) are 

\v, l}= F,./(q) exp [/ / a ] , (49) 

where 

M\v, / ) = / / ? 1 / ) , (50) 

and Fr/ is a function of the scalar quant i ty q. The 
vibrational angular m o m e n t u m q u an tu m n u m b e r 
can take v + 1 values, —v, —v + 2,...,0 or 1 , . . . , 
v — 2, and v. 

Now we introduce the ladder opera tor technique 
to build up the wavefunct ions of the T H O [7, 18]. 
First we define the following operators: 

q± = qa± i qh and p± = pa± ipb . 

Then four ladder operators are def ined as 

R±i±)=p(±)/tl±iq(±), 

(51) 

(52) 

where ± signs are correlated with each other and 
the ( ± ) signs are also correlated with each other. 
Using commutat ion relations, 

( p ± , 9 ± ] = 0 and = (53) 

it is shown that 

[ J Y T H O , Ä ± ( ± ) ] = ± / I F L ) Ä ± ( ± > 

Fig. 2. Coordinates for the bending vibration in a linear 
ABC molecule. 
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and 

[M, / ? ± ( ± ) ] = ( ± ) / ? / ? ± ( ± ) . (54) 

Equations (54) show that the opera tor R+{+) is 
the ladder operator for Av = + 1 and Al = + 1, that 

is the ladder operator for Av = + 1 and 
Al = — 1, and so on. The matrix elements of these 
ladder operators can be evaluated using the rela-
tions 

/?+(+)/?-(-) = 2H1HO/h co + 2M/h-2 (55) 

and 

/T<+)/?+<-> = 2 HTHO/h co - 2M/h + 2 . (56) 

From (55) we obtain 

{v,l\R+(+)R-(~)\v,l) = 2{v +1). (57) 

The left side of the equat ion can be rewritten as 

( v j R+i+)R-^'vJ) 

= < ; v j R + ( + ) r - l , / - 1> 2 

= <t - 1 , / - 1 /T<"> v, /> 2 , (58) 

where a relation, 

<ivj R+{+) v — 1, / — 1) 

= < r - 1 , / - 1 v, / )* , (59) 

was used, which is derived f rom the hermi t ian 
properties of the operator p and q. Then f rom (57) 
and (58) we have 

<r. / R+{+) v — 1. / — 1) = [2 (;• + /)]1/2 exp (7 c], (60) 

where we assume that the arbitrary phase c is con-
stant for all matrix elements as we have done in the 
case of symmetric- top wavefunctions. Similarly 
f rom (56) we obtain 

<r + 1 . / - 1 R+{-^v , /> 

= [2(r — / + 2)]1/2 exp [/ rj], (61) 

where we use the relation 

(y, I R~{+) v 4- 1 , / - 1> 

= ( r + 1. / — 1 R + {- ] r , />*. (62) 

The matrix elements of and Roperators 
can be obtained automatical ly by using (59) and 
(62) . 

Using (60) and (61) the eigenfunctions v , f ) can 
be generated from the totally symmetr ic funct ion 

K. Yamada • Effect of Phase Choices 

0. 0). Equat ion (60) is rewrit ten as 

n + 1 . « + l > = e x p [ - / c ] (63) 

•[4 (n+ l ) ] - ' / 2 / ? + ( + ) n. n). 

By successive use of this equat ion n t imes, starting 
f rom 0. 0) , we obtain 

n, n) = exp[-i n £]2-n(n\)-m 

• (R+{+))n 0, 0> . (64) 

Equation (61) is rewrit ten as 

n + p+\,n-{p+ 1)) = exp [ - / rj\[4 (p + 1)]~1/2 

• \n+p, n - p ) . (65) 

By successive use of this equat ion m times, starting 
with n, « ) , we obtain 

n + m. n — m ) = exp [— i m rj] 2~m (m! ) _ 1 / 2 

. (/?+(-))« , h n ) . (66) 

Substituting (64) into (66), and changing the nota-
tion n + m to v and n — m to /, we have 

r, /> = 7V, , / (^ + ( - ) ) ( ' - / ) / 2 ( i? + ( + V , + / ) / 2 0, 0 ) , (67) 

where the normalizat ion factor N,.j is 

Nv, i = exp [-i(v + l ) c / 2 - i ( v - l ) rj/2] 

•2-'{[(r + /)/2]![(r-/)/2]!}"1 / 2 . (68) 

Then a relation we use later may be shown to be 

NrJ= Nr.-,exp[-i(c- / / ) / ] . (69) 

VII. Symmetry Properties of Linear Molecule 
Wavefunctions 

Before discussing the rovibrat ional wavefunct ions 
of linear molecule, we will check the symmetry 
properties of the eigenfunct ions of the two-dimen-
sional isotropic ha rmonic oscillator under the 
molecular symmetry operat ions [7]. The common 
symmetry operat ion of all kinds of l inear molecules 
is the inversion of the coordinates, E*. The opera-
tion E* is illustrated in Fig. 3 for a linear ABC 
molecule. It is easily seen that the t ransformat ion 
properties of the Euler angles are represented by the 
equivalent rotation Ry. Bunker [7] def ined the 
molecule-fixed axes af ter the E* opera t ion in a 
different way; in his book the equivalent rotation of 
E* is R*. However, the present au thor prefers the 
definit ion of Fig. 3. because the equivalent rotation 



of E* for a very slightly bent ABC molecule is 
in the I r axis representation. 

The Euler angle / and the phase of the degenerate 
vibration a are transformed as 

and a -*• — a . (70) 

Then the operator q±, which is 

q± = q exp[± i y.] (71) 

is transformed by E* as 

q ± ^ q T - (72) 

the amplitude q is a scalar quantity which is in-
variant under any symmetry transformation. Simi-
larly we obtain 

fit-P*. (73) 

Using (72) and (73) we obtain the operator equa-
tions 

E* £+(+)= R+(~)£* 

and 
£*/?+(-) = /?+(+)£*. (74) 

Operating with E* on the both sides of (67), and 
using (74), we have 

E* v,l) = NvAE*{R+(-))(v-t)'1{R+(+))(v+t)n 0 , 0 ) 
= N,.J (Ä+(+))(»-0/2(^+(-))(r+/)/2£* o, 0> 

= N l , l ( R + { + ) Y ' - ^ / 2 ( R + { - ) y i + f ) / 2 0 , 0 ) , (75) 

where we have used the transformation 

E* 0,0> = | 0 , 0 > . (76) 

Then using (69) we have 

E* | p, /> = exp [ - i (£ - rj) /] | v, - /> . (77) 

The rovibrational wavefunction of a symmetric-top 
molecule is a product of the symmetric-top wave-
function and the vibrational wavefunction, 

y/= \J,k,m}\vs,vt,lty, (78) 

where ry represents all non-degenerate vibrations, 
and v, represents all doubly degenerate vibrations, 
which are described by the eigenfunctions of T H O 
Hamiltonian discussed above. If we select the func-
tions which satisfy the relation 

* = (79) 
i 

from the rovibrational wavefunctions of a sym-
metric top molecule, we have a basis set for a linear 
molecule [7]. Although these wavefunctions contain 
a redundant angle coordinate, they form a complete 
basis set of a linear molecule with the restriction of 
(79). They are 

7, /, m, vs, v„ /,) = /, m) I vs, v„ I,) . (80) 

Since the transformation properties of the sym-
metric top wavefunction 7, /:. w ) are known, and 
since the transformation properties of the T H O 



wavefunctions are known, we can obta in the trans-
formation properties of the l inear molecule basis 
function; 

E* JJ,vSJv„l,} 

= ( - l ) y + / e x p [ 2 ; g /] 

•exp[- / '<$/] J,-l,m,vs,vti-l,}, (81) 

where we have used the fact that the wavefunct ions 
for the stretching vibrations are symmetr ic under 
the E* operation, and where we have assumed tha t 
the phase differences - rj, are the same for all 
bending vibrations 

ö = Z , ~ r i , . (82) 

Now we look at the case of a t r ia tomic l inear 
molecule, where only one bending m o d e exists. 
The discussion is much simpler in this case: the 
wavefunction can be represented by /, m, r l s v2, r 3 ) 
where r 2 is the bending m o d e as usual; in short 
J , /, Vs). Then we can def ine Wang- type l inear 

combinat ions for / 4= 0. which form a basis set for 
the irreducible representation of the group {E. E*}: 

J, / . v, y) = {J. 1 , r> 

+ ( - l ) > V , - l \ , v ) } / f J . (83) 

From (81) we obtain 

E* J: I , r, y) = ( - 1 )J+l+yexp[— i(2g - ö) I] 

• {jy, / , r > + ( - l ) y e x p [ - 2 / ( 2 e - < 5 ) / ] 

• y , - ! / ; , r ) } / f y . (84) 

As we have seen in the Wang linear combina t ions 
for the asymmetric top, a special choice of phase is 
required for making the linear combina t ion (83) 
form a basis set of the i rreducible representat ion. 
That is 

exp[— 2 / ( 2 g — <5)/] = 1, or 2g-d=nn. (85) 

If we keep the phase choice l imitat ion of q which is 
obtained in (36), we can conclude that the phase 
choice 

5 = n n (86) 

is required. Although there are many combina t ions 
of o and <5 fulfilling (36) and (86), the choice of 
phase can be grouped into two cases: for the phase 
choice (i) 2 q — S = 0, 

and for the phase choice (ii) 2 g — Ö = n, 

E* y, / , v, y) = (- l)y + y J, I , v, y). (88) 

Here and in the subsequent discussion, the choice of 
phase is represented by 0 or n instead of the general 
form of (85). T h e possible combinat ions of the 
phases g and Ö are summar ized in Table 5 with the 
symmetry (parity) of the l inear combinat ions in 
(83), where E+, 0+, and 0~ notations are used 
in analogy with the asymmetr ic top wavefunct ion 
by using the correspondence between K and / . 

Equation (86) requires the "a rb i t ra ry" phases in 
(60) and (61) be related by <5 = £ — r j = n n. In most 
published discussions the phase choices are not 
given explicitly by these two equations, but im-
plicitly by fixing the matr ix elements of q± and p±. 
Typical choices of c and rj are summarized in 
Table 6 with the various resulting matrix elements. 

VIII. /-Type Doubling 

The /-type doubl ing of a linear molecule is caused 
by the per turbat ion term [19, 20] 

ft = _ k?(?]Z[»l {(p+)2(J;)2 + {ß~)2(Jt)2}/ti* 

- ^Z[n] {(q+)2(J;)2 + (q-)2(j't)2}/ti2 , (89) 

where we consider only one bending vibration. The 
matrix elements of the above operator can be 
calculated to be 

<y, / ± 2 , v H' y, /, r> = (?/4) exp [ + 2 / 0 ] exp [ ± i<5] 

• { [ / ( / + d - / ( / ± i ) ] [ y ( y + 1 ) 

- ( / ± l ) ( / ± 2) ] ( r ± / + 2 ) ( r + / ) | , / 2 , (90) 

Table 5. Symmetry of the Wang-type linear combinations 
for linear molecule wavefunctions for E* operation3. 

Phase 
2Q — ö I / even J odd J e or f b 

0 E+ e e + — e 
E~ e 0 - + f 
0+ o e - + f 
0~ 0 0 + - e 

71 E+ e e + — e 
E~ e 0 — + f 
0+ 0 e + - e 
0~ o 0 - + f 

a Symmetry for E* is usually called parity, and indicated 
bv + (symmetric) and — (antisvmmetric). 
b See Ref. [25]. 



Table 6. Matrix elements of q± and p± in various choices of phases3. 

Phase choices 

(i) <5 = = 0 (ii) <5 = n 

£ = 0 71/2 71 3 n/2 0 n/2 n 3 n/2 
n = o 71/ 2 71 3 n/2 n 3 n/2 0 n/2 

(v + 1 , /+ 1 \p+/h \v,f> / if -f -if f if - / -if 
<V + 1 , /+ 1 \q+\v, /> -if f if ~f -if f if -f 
<v- 1 , / + 1 p+/h v,t> 9' -ig' -g' ig' -g' ig' g' -ig' 
(v- 1 , /+ 1 \q+\v, /> ig' g'- -ig' —g' -ig' -g' ig' g' 

<r + 1 , / - 1 p~/h v,f> f if - f - i f - f - i f f if 
<r + 1 , / - 1 q~ v, 1> - i f f if ~f if - f - i f f 

1 , / - 1 p~/h v,f> 9 -ig -g ig g -ig -g ig 
1 , / - 1 I> 19 9 -ig -g ig g ->g -g 

a f= [(t. + / + 2)/2}m,f = [(v - / + 2)/2]1/2, g = [(r + /)/2]1/2, and g' = [(» - /)/2]1/2. 

where the arbi trary phases are explicitly included. 
The quanti ty q is called the /-type doubl ing con-
stant: 

q = - 2 {teelZ["] + ^Z{ll]} (91) 

which in the ha rmonic approximat ion is 

q = (2B2/cot) 

• [ 1 + 4 Z(&ojj/(co2
s-co2)]. (92) 

j 
This quant i ty q is independent of the phase choice. 
The problem is that what is used by most spectro-
scopists is not this q but the value including the 
arbitrary phase factor, 

q = q exp [ + / (2 @ — <5)]. (93) 

The first order energy correction due to the /-type 
doubling interaction in the / = 1 state can be 
calculated by the mat r ix elements of the per turba-
tion Hamil tonian H' using the Wang- type linear 

combinat ion in (83) to be 

( / , 1, f , y H' J, 1, y, y) (94) 

= (— 1 )7 cos (2 g — <5) (q/4) (v + 1 )J(J+ 1 ) . 

The problem is exactly the same as that given in 
Sect. V for the A^-type doubl ing of an asymmet r ic 
rotor. Equat ion (94) should be compared with the 
last term in (39). The energy correction given in (94) 
changes its sign when the phase (2 q — <5) is changed. 
In the case of A^-type doubl ing, the pa rame te r 
(B-C) is always positive by def ini t ion. However , in 
the case of /-type doubl ing the pa rame te r q can con-
ceivably be positive or negative. The re fo re there are 
four possible cases of correspondences be tween the 
energy levels and wavefunct ions as summar i zed in 
Table 7. The impor tan t result is that if q is positive, 
the upper /-type doubl ing componen t for / = 1 is 
of symmetry / for any choice of phase and the lower 
is of e, and this relation is reversed when q is 

Table 7. Correspondence between wavefunctions and energy levels in /-type doubling components 
of a linear molecule in / = 1 state. 

/-doubling symmetry 

Phase choice 

(i) 2 e - < 5 = 0 

q w. f. 

(ii) 2 q — 5 = 7i 

q w. f. 

positive 

negative 

upper 
lower 
upper 
lower 

>0 

<0 

o+ 

o~ 
cr 
o+ 

< 0 

>0 

o-
o+ 

o+ 

o-



negative. However we have to be careful about the 
fact that the value of the /-type doubl ing constant 
given in most papers is not q but q which includes 
the phase contr ibution. The sign of q is also listed in 
Table 7 in order to m a k e this point clear. 

IX. /-Type Doubling in Symmetric-Top Molecules 

For completeness we discuss in this section the 
symmetry propert ies of the rovibrat ional wavefunc-
tions and /-type doubl ing of a symmetr ic- top mole-
cule. Since the most c o m m o n symmetry of the sym-
metric top molecules is C 3 v , we discuss here only 
molecules of this symmetry , e.g., CH3X, of which 
the character table is listed in Table 8. The wave-
functions are given by (78). For simplicity we con-
sider one degenerate vibrat ion only; 

t//= J . Ar, m) v, / ) = J, k, v, / ) . (95) 

The rotational part of the wavefunct ion has the 
symmetry propert ies given in (30). Thus, using the 
equivalent rotations of the symmetry operat ions , the 
following t ransformat ions are obta ined: 

(123) J . k, m ) = exp [2 n i k/3] J,k,m> 

and 

(23)* J,k,m) = (-\)J+kexp[2iQk] J,-k,m). (96) 

The vibrational part of the wavefunc t ion is the 
T H O wavefunct ion discussed in Section VI. By 
rotating the molecule-f ixed axis abou t the z axis by 
ß (Rp

z operation) the angle coordinate of the degen-
erate vibration y is t ransformed as 

y ^ y - ß . (97) 

By a simple geometrical considerat ion it is con-
cluded that the opera tors q± and p± are t r ans formed 
by R'1. as 

q± ^ iß]q± 

and 
p ± - e x p [ + / / ? ] / ) ± . (98) 

Table 8. Molecular symmetry group C3v. 

c 3 v E (123) (23) * 
equiv. rot. R° R2n/3 Ry 

A, 1 1 1 
A, 1 1 - 1 
E 2 - 1 0 

From these t ransformat ion properties, (97) and (98), 
the following operator equat ion can be proved: 

Ä f / ? ± ( ± ) = e x p [ ( + ) i f l Ä ± ( ± > / ? f . (99) 

A similar method used in (75) can be appl ied to 
obtain the t ransformation property of the funct ion 

Rß
: v,l) = exp[-ißl]\v,l). (100) 

Since the equivalent rotat ion of the (123) opera t ion 
is R2

:
n/i, and since the radial variable of the degen-

erate vibration is invariant under the symmetry 
operation, we can conclude that the func t ion \ v, / ) is 
t ransformed by the (123) operat ion as 

(123) I v, / ) = e x p [ - 2 n i 1/3] \v, 1} . (101) 

The equivalent rotation of the (23)* opera t ion is 
Ry, which is the same as that of E* in a l inear 
molecule. Therefore the function \v, / ) should be 
transformed by (23)* in a similar way as given 
in (77) 

(23)* v, / ) = exp [— / <5/] ? • , - / > . (102) 

Combining (96), (101), and (102), the symmetry 
properties of the rovibrational wavefunct ions of a 
symmetric-top molecule is obtained as 

(123) k, v, /> = exp [ - 2 ni(l- k)/3] \7, A:, r , /> , 

and 
(23)* J,k,v,l) 

= (-\)J+kexp[i(2ok-öl)] J , - k , v , - f > . (103) 

These symmetry propert ies should be compared 
with those expressed in a tradit ional me thod , e.g., 
by Oka [21], where the phase factor is not explicitly 
given. 

The symmetry species A or E is dis t inguished by 
the transformation proper ty under the (123) opera-
tion. As can be seen in the upper equa t ion of (103), 
the character for this operat ion is de te rmined by the 
number (I - k), which is Hougen's q u a n t u m num-
ber G [22]. When G = I - k = 3n, n = integer, 
the function J. k. v. / ) is of symmetry A, and when 
G 4=3«, the pair of functions, J,k,v,l) and 
J , - k , v, - / ) belongs to the E species. In this 

distinction between the A and E species, the phase 
factor plays no role. The A, and A2 symmetry , how-
ever. are distinguished by the second equat ion of 
(103) which includes the phases of the rotat ional 
and vibrational wavefunctions. 



If the phases of the wavefunctions are properly 
chosen 

2gA-<5/ = 0 or n, (104) 

the Wang-type linear combinations of the pair func-
tions 

|J, K, v, /, y) = {\J, K, v, /> 

+ (-\y\J,-K,v,-f)}/Y2 , (105) 

form a basis set of the irreducible representation; 
A! and A2 for G | = 3 n and E for | G | 4= 3 n. In the 
above equation, K = k as usual, but / is still a 
signed quantity in both sides. It is assumed in (105) 
that at least k or / is not zero. If both k and / are 
nonzero, then there are four states for a given K and 
/ , which are degenerate in zero-th order approxi-

mation: two wavefunctions of J, K, v, I |, y) and 
two of J, K,v,— Ij, y). Now we discuss only the 
special case of K = 1 and / = 1, which is most 
important. In this case, the functions J, K, v, \ l\, y) 
are linear combinations of functions with G = 0, and 
the functions \J, K,v, — \l\,y) are linear combina-
tions of G =2 functions. Therefore the former 
functions are of A] and A2 species, and the latter are 
of E species. In the language of spectroscopy, we say 
that the A and E states are separated by the first 
order Coriolis interaction. The degenerate E state 
cannot be separated any more. The two A states are 
separated into A] and A2 states by the /-type 
doubling. Since the A, and A2 functions of the 
K=\l\ = \ state are combinations of k = I wave-
functions, they are exactly the same as those of a 
linear molecule given in (83). Therefore the sym-
metry properties and the correspondences between 
the energy levels and wavefunctions in the /-type 
doubling components are exactly the same as those 
discussed in Sect. VII and VIII for linear molecules. 

However, very unfortunately, the phases of the 
rovibrational wavefunctions for a symmetric top are 
often chosen by spectroscopists differently from 
those of the linear molecule. This discrepancy seems 
to originate in the history of vibration-rotation 
theory. 

X. Comments 

Sometimes the ladder operators of the molecule-
fixed angular momentum are defined by 

7RL = Jy ± iJx, (106) 

e.g., Nakagawa and Morino [19] and Oka [21], 
instead of by (13). This operator can be related to 
our ladder operator by 

J*\ = ±iJ±. (107) 

Therefore if we change the definition of the ladder 
operator as in (106), we will see the phase of the 
wavefunction shift by n/2. 

A similar phase shift occurs if we use the I1 axis 
representation [15] in the asymmetric top Hamil-
tonian. The ladder operator in the V representation 
which is used in the present work is 

Jf = Jb ± iJc, (108) 

and in the I1 representation is 

Jr2 = Jc ± iJb. (109) 

The difference between the definitions (108) and 
(109) is exactly the same as that between (13) and 
(106). Thus this change of definit ion also results in 
a phase shift of n/2. 

Such a freedom to define the angular momentum 
ladder operators also exists in the definit ion of the 
ladder operators for the two-dimensional isotropic 
harmonic oscillator. We have to be careful about 
which definition of the ladder operators is used, 
which molecule-fixed axis representation is used, 
and which phase factor is used in the ladder 
operator matrix elements. 

Cartwright and Mills [23] introduced an addi-
tional sign factor for the /-type doubling pheno-
menon which is operationally defined: the sign 
factor is so chosen that the sign obtained for q 
agrees with the conventionally defined one. How-
ever, as we have seen, the sign of the phase-inde-
pendent q can be obtained if the symmetry of the 
/-doubling component is known. It is in principle 
possible to identify the symmetry of the level by 
combining microwave spectra and high resolution 
infrared spectra. The former can provide exact in-
formation on the effective B constants for the 
doublets, from which we can distinguish the upper 
and lower component of the doublets. On the other 
hand, the latter gives symmetry information from 
the selection rule. 

Blass [24] discussed similar problems arising from 
the phase choices in the case of first order Coriolis 
resonances in C3 v molecules. The present discussion 
can be applied to this problem also. 
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