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The change in phase factor of the wavefunction does not affect the absolute value of the matrix
element, but does change the phase factor of the off-diagonal matrix element. This phase
dependence causes a serious confusion in the sign of some parameters in the molecular
Hamiltonian, which appear only in the off-diagonal matrix element; for example, the sign of the
I-type doubling constant g of a linear or a symmetric-top molecule. In the present paper, the energy
eigenvalues, symmetry species, and labeling of the eigenfunctions are discussed for the K-type
doubling of asymmetric-top molecules and for the /-type doubling of linear or symmetric-top
molecules in relation to the choices of phases in the basis wavefunctions.

I. Introduction

A glance at the literature for linear and symmetric
top molecules shows an annoying confusion of plus
and minus signs accompanying the /-type doubling
constant g. For example: the g constants for acetylene
were reported as positive by Lafferty, Suenram, and
Johnson [1]and Matsumura, Tanaka, Endo, Saito, and
Hirota [2], but on the other hand Strey and Mills [3]
and Pliva [4] reported negative g values. For asym-
metric tops, confusion is seen in the association of
symmetry species labels with Wang submatrix labels
of individual levels. Equations (24.8) or Table 7 in
Nielsen’s article [5], for instance, are not consistent
with Egs. (1) or Table 2nl in Sect. 2n of Allen and
Cross’s book [6]. The origin of all of these problems is
the choice of phase factors in wavefunctions.

In the present paper, it is shown in this section why
the phase factor is critical for the problems. In
Sects. II—-V the origin of the “arbitrary” phase factor
is reviewed. The phase factor is followed through the
general transformation properties of the symmetric-
top wavefunctions, and it is shown how the definition
of the Wang linear combinations limits the phase
factor to a discrete range of values. The remaining
“arbitrary” choices are compared for an asymmetric
rotor. In Sects. VI-VIII a similar treatment is
followed for linear molecules. In Sect. IX brief com-
ment will be given for symmetric tops.
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The arbitrary phase factor arises from the fact that
the Schrodinger equation is homogeneous in the
wavefunction,

Hy,=E,y,. (1)

The energy eigenvalue E, is independent of the
amplitude of the wavefunction. The amplitude of the
wavefunction may be defined by normalization of the
wavefunction. However, the eigenfunction thus de-
fined still has an arbitrary phase factor, because the
amplitude of the wavefunction can be a complex
quantity.

Now we look at the matrix elements of a perturb-
ing operator A’. By changing the phase of the wave-
function y, by «,, a new wavefunction y;, is obtained:

Wp=expi o] ¥y . (2)

Using these new wavefunctions as the basis set, the
matrix elements of H’ can be obtained. They are
related to those in the old basis set by

i H Wy = expi (o — )] W | H (W) . (3)

This equation shows that the change in phase factor
of the wavefunction does not affect the absolute value
of the matrix element, but does change the phase
factor of the matrix element. It should be noted that
only the relative phase of the two wavefunctions
appears in the right side of (3). The diagonal matrix
elements are not changed at all by the phase choices
because the phase factor in (3) vanishes if n = m.
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When the two states, n and m, are degenerate with
a common eigenvalue E, the off-diagonal matrix ele-
ment of the perturbing term between the two states
contributes directly to the energy, and the phase
factor plays an important role. For a two level system
the energy matrix is given as

W [E ) Hm] _ 5)
Wm H’lm E

This energy matrix can be diagonalized by taking
linear combinations of the wavefunctions. If the off-
diagonal matrix element H7,, is real, we may take
vr= W+ vn)/V2and v =(W,—v.)/)2, and
obtain

e

v

v

(6)

E+H,, 0
0 E-H,,|

The off-diagonal element appears in the eigen-
values, which now contain the contribution of the
phases. The energies of the y*™ and y~ states depend
on the phase choices in the original basis functions.
This is the case for K-type doubling of the K= 1
state of an asymmetric rotor and /-type doubling of
the / =1 state of a linear or symmetric-top mole-
cule.

The intent of this paper is to make this phase
dependence clear by following the standard theory
but emphasizing the phase factor in all steps. The
notations and formulations follow closely the book
of Bunker [7].

II. Symmetric-Top Wavefunction

The eigenfunction for rotation of a symmetric top
1s usually called a symmetric-top wavefunction,
which is the eigenfunction of the following rota-
tional Hamiltonian:

Hym=[AJ2+ B(J2+ JH12, (7

where J., f‘ and J. are the angular momentum
operators in the molecule-fixed axis system, and A4
and B are the rotational constants in units of energy.
The = axis is the axis of symmetry, and we assume
here that the top is prolate, 4 > B. This assumption
does not limit the generality of the following discus-
sion.

By introducing the Euler angles, Fig. 1, the
Hamiltonian operator (7) can be written in the
differential operator form, and the following Schro-
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Fig. 1. Definition of the Euler angles.

dinger equation is obtained:
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The definition of the Euler angles is the same as
that of Van Winter [8], Herzberg [9], Landau and
Lifshitz [10], Townes and Schawlow [11], and Gordy
and Cook [12]. However unfortunately this defini-
tion is not the same as that of Bunker [7], Edmonds
[13], Nielsen [5], and Wilson, Decius, and Cross [14].
The differences between these two definitions of the
Euler angles are in the definitions of ¢ and y. The
former uses the angles (X—0-N) and (x—0-N),
and the latter uses the angles (Y—0-N) and
(y—=0-N) for ¢ and y, respectively. Therefore ¢ and
z differ by 7/2 in the two definitions. However the
Schrodiger equation (8), is the same for both defini-
tions of the angles, because the variables ¢ and x
appear only in the differential operators.
The eigenfunction of (8) is written as

w=Sm(0)exp[implexp[ik y]. 9)

Since the different definitions of the Euler angles
shift the angles ¢ and y by n/2, the eigenfunction (9)
changes its phase factor when the angle definition is
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changed. The change of phase is thus dependent on
the quantum numbers m and k. However, since the
phase is “arbitrary”, it can be ultimately defined in
either case by using the off-diagonal matrix ele-
ments as discussed later.

The eigenfunction (9) is simultaneously the eigen-
function of the angular momentum operators J Jz,
and J.;

Py=nJU+ )y, Jzy=hmy,
and

Joy=hky, (10)

where the subscript Z means space-fixed Z axis,
and that of z means molecule-fixed z axis. Thus we
express the wavefunction by these three quantum
numbers J, k, and m;

y=J,k,m). (1)

The quantum numbers & and m can have 2J+ 1
values, from —J to +J. Later we use the capital
letters K and M for the absolute values of k and m,
respectively. The functions |J,0,m) are propor-
tional to the spherical harmonics which are the
eigenfunctions of a diatomic molecular rotator.

In most papers, the phase factors are given in this
step with full mathematical expressions of the
functions |J, k, m), for example see [8]. However we
introduce the phase factor in a different way,
because it is much more convenient to define the
relative phases of the wavefunctions by using the
off-diagonal matrix elements. In the next section it
is shown how to define the phase of the function
|J, k, m) relative to the function |J, 0, 0),

J

|J,0,0)=N (12)

s 0 (cos20 —1)7,

where N is a normalization constant.

1. Building up the Function | J, k, m)

The ladder operators for the symmetric-top wave-
functions are defined by

JE=JctiJ,, JE=Jytily, (13)

where the subscript r means that the operators are
defined in the rotating axis system which is fixed in
the molecule, and the subscript s means that the
operators are defined in the space-fixed axis system.
The matrix elements of these ladder operators can
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be found in any textbook:
Jokom T8 T k,m—1)=f(J,m)exp(—ia),
Uokom—=1J; J k,m)=f(J, myexp (i o), (14)
Uok=1,m Jf J k,my=f(J, kyexp(i ),
okom|J7 L k=1, my=f(J, kyexp(—=ig), (15)
where

fU,n)y=hJJ+1)—nn-1]"2. (16)

Here we have introduced the phases ¢ and g, which
represent the phase differences of the two wave-
functions used for calculating the matrix elements.
In most textbooks, these phase factors are assumed in
an a priori manner to be 1, —1, i, or —i. In the
present work we take a more general approach. The
phase factors are written explicitly and we have
them in so that their effect is seen in the final
equations. Since the quantity ¢ and o are “arbi-
trary”, these quantities can be functions of the
quantum numbers. However such a choice of phases
1s not practical, and we will assume that ¢ and g are
constant. This assumption does not harm the gener-
ality in the following discussion.

Because of the hermitian properties of the
angular momentum operators, the two matrix ele-
ments in (14) should be each other’s complex con-
jugate, and the same is true for the matrix elements
in (15). Therefore the phase factors in (14) are
related; one has ¢ and the other has — ¢ as the
phase. In (15), one has the phase of o and the
other —o.

Equations (14) can be rewritten as

J k,m+ 1) =exp[i a]JF T, k, m)/f(J, m+ 1)
and

J, k,m—1y=exp[—ialJs|J, k,m)/If(J,m). (17)

Using these equations M times successively, starting
with the function |J, k, 0), we obtain

J, k, My=h"Mexp[i M o] [(J — M)\/(J + M)!]'/?
. (j:)MJ’ k, 0>
and
J k,—My=h"Mexp[—iMa][(J — M)!/(J+ M)"]'/?
CTOM Ik, 0). (18)

In a similar manner the wavefunctions |J, K, m) can
be created from the function |J, 0, m) by applying
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the J7 operator K times;
J.K.my=hXexp[iK o] [(J — K)!/(J + K)!]"?
YT, 0, 085,
and
J.—K.my=hKexp[—iK o] [(/— K)!/(J+K)!]'?
~(THX17,0,m) . (19)
By combining these four equations, (18) and (19),
we have
J. 2K, () M)y =hK-"Mexp[tiKolexp[(£)iMoa]
(=K =M/ + K)(J+ M)"7?
-(UHKIEMI, 0,0, (20)

where the * signs are correlated with each other
and the (%) signs are also correlated with each
other. Each of the symmetric-top wavefunctions
thus generated has a unique phase which is defined
by the phase factors in the matrix elements of the
ladder operators in (14) and (15).

Now we define the normalization factor, which
includes the phase factor, of the wavefunction
J. XK. (£)M) as

Ny k=0 Kexp[£iKglexp[(x)iMoa]

A=K =M/J+ K"+ M2 (21)
We have then a relation
Njkm=Nj-kmexp[2iK 0] (22)

which is used in the next section.

IV. Symmetry Properties of the Symmetric-Top
Wavefunction

Following Bunker [7] we introduce two operators;
one rotates the molecule-fixed axes by an angle S
about the z axis, RY, and the other rotates the
molecule-fixed axes by = about an axis which is in
the x —y plane and which is « radians from the x
axis, R}. The transformation properties of the Euler
angles and angular momentum components in the
molecule-fixed axis system are summarized in
Table 1, which is identical to Table 7—1 of Bunker’s
book except for the property of y for the R} opera-
tion. The difference arises from the different defini-
tion of the Euler angles.

From the transformation properties of the Euler
angles. it can be shown that the wavefunction
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Table 1. Transformation properties of the Euler angles and
angular momentum.

RS R?
% 0 n—0
¢ ¢ p+m
x 1+ B T—x—2a
J, jvcosﬁ+‘l:‘.sinﬁ fxcos2oz+f_‘,sin2oz
J:, J.cos f+J,sin f —J,cos2a+J,sin2a
J. J. -

J.,0,0) is transformed by the two operators as

REJ,0,0)=1J,0,0> (23)
and

RZ1J,0,0>=(—1)’17.0,0). (24)

From the transformation properties of the angular
momentum operators, the following operator equa-

tions can be obtained:
RIJE=exp[FiflJERE (25)
and
RIJE=exp[+2ia]J] RE. (26)

Since the operators R? and R} do not change any-
thing about the space-fixed axes, they commute
with the J operators. By using these equations,

(23—26), the transformation properties of the sym-
metric top wavefunctions J, k, m) can be obtained
as

REJ,£K, (E)M)=REN; + g )M
- (THEJTEM|J,0,0) (27)
=exp [LiKpB] J, £ K,(£) M),
R} J,XK,(X)M)=RIN; +k ()M
(IHXTEMI,0,0)
= (=17 exp[F2i K% N sk +)m
C(THKTENM J,0,0). (28)

Equation (28) can be rewritten by using the relation
between the normalization factors, (22), as

R: J, £ K.(£) M)
= (= 1)/ exp[F2i Kt N+ g x)m
- J.¥K, (i)AM>/Nj;K.(i)M
= (—1)’exp[F2iKa]exp[£2iKo]
LT (B M.

(29)
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Equations (27) and (29) can be summarized in more
general form:

RE J k,m)y=explikB]J, k. m)
and
RZ|J, k,m)= (= 1)’ exp[~2ik 1]

cexp[2ikollJ,—k,my.  (30)

It should be noted that the transformation proper-
ties of the symmetric top wavefunctions depend on
the “arbitrary” phase, o.

V. Wang Linear Combinations and K-type Doubling

The rotational Hamiltonian of an asymmetric top
is

Hooym=[AJ%+ BJ}+ CT2/R?, (31)

which can be rewritten by using the ladder opera-
tors as

Huym={[A— (B+ 0)/2)J2+ (B + C)J*/2

+(B—O)[(JDH+ (Jn)Vay/m?, (32)

where we used the /" representation [15] for the
molecule-fixed axes; the axis of the smallest
moment of inertia, a, is the z axis, the axis for the
largest moment of inertia, ¢, is the y axis, and the
b axis is thus the x axis. If we neglect the last term
in the Hamiltonian (32), the Hamiltonian is iden-
tical to that of a symmetric rotor. Therefore we can
use the symmetric top wavefunctions as the basis set
for the asymmetric rotor wavefunctions. The term
with (B—C) gives off-diagonal matrix elements in
this basis. The Hamiltonian (31) shows that it is
invariant under the symmetry operations of the
four-group [16]. {E, R%, R, R%}. Therefore it is best
to have a basis set which forms the irreducible
representation of this group. The Wang transforma-
tion [17] is used for this purpose. The character
table of the four-group V is given in Table 2.

Table 2. Character table of four-group V.

4 E R R? R:

1 1 1
1 -1 —1
-1 1 —=]
-1 =1 1

A

B.
B,
B

=
Y i i
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The Wang linear combinations are defined for
K#+0as

JK.my)=[J.K.my+(=1)J,—Km/)V2, (33)

where y is an even or odd integer, or simply 0
or 1. They are required to form a basis set of an ir-
reducible representation of the four-group. Since
the three rotational operators in group V are special
cases of R? and RZ, the following transformation
properties of the symmetric-top wavefunctions can
be derived using (30):

RE\J, k,my=(—1)exp[2iko] J, —k, m),
R J k,my = (—1)"**exp[2iko]|J,—k,m),
and

RYJ, k,my=(—DkJ, k,m). (34)

The Wang linear combinations are then transformed
as

R J, K, m,y)=(—1)"exp[-2iK 0]

AL K.my+ (—1)exp[4iKo)|J,—K,m)}/)2 ,
R J,K,m,y) =(— 1)/ *7exp[-2iK ]

{J, K,my+ (= 1) exp[4iKo]|J, =K, m)}/) 2,
R J. K. m,y) =(—DX|J, K, m, ). (35)

Two of the above relations include the “arbitrary”
phase o. Here we come to an important result: The
Wang linear combinations defined by (33) can form
a basis set for the irreducible representation of the
four-group only when the “arbitrary” phases of the
symmetric top wavefunctions are chosen so that

exp[4iKo]=1, or o=nn/2, (36)

so that the right hand sides of (35) are proportional
to the original function J, K, m, y). If some other
phase choice is used in the symmetric top wave-
functions we have to use linear combinations with
complex coefficients instead of the simple form of
(33). More generally, we can state that the choice of
phase is not “arbitrary”” any more if we require cer-
tain symmetry properties for the wavefunctions [8,
15].

In the choice of phase in (36), the transformation
properties of the Wang linear combinations are as
follows: for the phase choice (1) n=even integer
(e=0,m,...),

RY J.K.m, ) =(=1)*""J K.m,y),
R} J,K,m,y) = (1) J K, m,y),
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Table 3. Four-group symmetry of Wang linear combination.
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even J odd J
(1) (i) (1) (i)
K Y 0=0,7 o=n/2,37/2 0=0,7 o=mn/2,3n/2
E* e e A A y. B.
E e 0 B. B. A A
0* N e B, B, B, B,
0~ 0 o B, B, B B,
and which is purely imaginary, and vanishes in any of

REJ.K.my) = (DK T K.m,7y), (37)

and for the phase choice (ii) n=odd integer
(o=n/2,371/2,...),

RZ|J, K, m,y)=(=1)"KJ K m,y),
R, K,m,y) = (=1, K, m,y),
and

R J.K.m,y) =(=DKJ K, m7y). (38)

It should be noted here that the characters of RT
and R} are interchanged if we change the phase
choice (1) to (i1). For example, Nielsen [5] used the
former phase convention and Allen and Cross [6]
used the latter.

For a given J, the symmetry of the Wang linear
combination is represented by the parities of K
and ;. The wavefunctions are then labelled as E*,
E-, O*, and O™ [15], where E and O represent
K =-even and odd state respectively, and + and —
represent y=even and odd combinations in (33)
respectively. The symmetry properties of the Wang
linear combination are summarized in Table 3. The
most important effect of the choice of phase is that
the symmetry of the OF and O~ wavefunctions are
opposite for choice (1) and (ii). In Table 3 and the
following, the range of the phase choice is repre-
sented by 0, n/2, n, 3 n/2, instead of the general
form of (36).

The diagonal matrix element for K=1 using
Wang linear combinations as the basis is

,1,m,y Hasym J, 1,m,y)
=A—-(B+C)/2+B+O)JIJ+1)/2
+(=1)"cos(20)(B=C)J(J+ 1)/4. (39)
The off-diagonal element between ;= even and
3" = odd states is
. 1,m.y Hasym J,1,m,y)

=—isin(2o)(B-C)J(J + 1)/4, (40)

the choices of phase in (36). This fact corresponds
to that mentioned in the introduction, (5) and (6). In
the present choice of phase, the off-diagonal matrix
elements of the asymmetric rotor Hamiltonian ﬁasym
in the basis of symmetric top wavefunctions are all
real, and the energy matrix for k=1 and —1 states
can be diagonalized by the Wang linear combina-
tions. This is a direct result of the fact that we
required the four-group symmetry of the Wang
linear combinations: off-diagonal matrix elements
vanish between states of different symmetry.

Thus, (39) represents the rotational energy of the
K =1 states of the asymmetric rotor in the first
order approximation. In the phase choice (i), 0=10
or 7, the matrix element is

. Lmy ! Hygym J, 1,m.y)
=A-(B+0O)/2+B+C)JJ+1)/2

+(=DH"(B-C)JJ+1)/4. (41)

This equation shows that the O component of the
K=1 doublet has higher energy than the O~ compo-
nent. In the phase choice (ii), o = n/2 or 3n/2, the
matrix element is

L Lmy| Hagym | J, 1, m, 9)
=A-B+0O)/2+B+C)JJ+1)/2

—(=1)"(B=CO)J(J + 1)/4, (42)

which shows that the O* component of the K=1
doublet has lower energy than the O~ component.
Thus the correspondence between O and O~ wave-
functions and the upper and lower components of a
K =1 doublet is inverted by the change of phase
choice. However, since the phase choice also re-
verses the symmetry of the O and O~ wavefunctions
as seen above, the upper K =1 component always
has B, symmetry and the lower has B, symmetry.
This relation is invariant under the change of phase
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Table 4. Classification of wavefunctions of K-doubling
components for K = 1 of an Asymmetric rotor.

K-doubling Symmetry Wavefunction with phase choice

component for even

J state (i) o=0,n (i1) o=n/2,37/2
upper B, ot o~
lower B, (o o+

choice. It is reasonable because the eigenvalue or
character of a non-degenerate state is defined by a
homogeneous equation of a linear operator, like the
Schrodinger equation (1), which does not depend
on the phase factor of the wavefunction. These
results are summarized in Table 4.

VI. Two Dimensional Isotropic Harmonic Oscillator

A bending vibration of a linear molecule is de-
scribed as a two dimensional isotropic harmonic
oscillator (THO) in the zero-order approximation.
Such a bending vibration is doubly degenerate and
the Hamiltonian is given by

Hro=[(P2+ P})/m + f(R2+ RD)/2,  (43)

where R, and R, are the two displacement coordi-
nates of the degenerate bending mode, P, and P,
are the conjugate momenta, m is the reduced mass,
and f is the force constant. It is convenient to
introduce dimensionless coordinates [5] defined as

Go= 2]/4(”1/,1) 172 Ra
and

qp=2"4*(m/h)'2 Ry, (44)

where . =f/m. Then the THO Hamiltonian is ex-
pressed by these new coordinates and conjugate
momenta as

Hruo=ho (pYI2+ pY/he+ g2+ ) /2,  (45)

where = 4"? is called the harmonic frequency

(radian/s). Using cylindrical coordinates, the co-
ordinates g, and g, are

ga=gqcosa and gp=gsina, (46)

as shown in Fig. 2, where the angle « is measured
from the molecule-fixed x axis. When the bending
vibration is excited, an angular momentum is
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directed along the - axis, and is expressed by an
operator M,

M=q.ps— qbPa. (47)

or in mathematical form using cylindrical coor-
dinates,

M=—ih(d/0x). (48)
The eigenfunctions of the Hamiltonian (45) are

v, ly=F,/(q)exp[il], (49)
where

Miv,ly=1hlv, [y, (50)

and F,; is a function of the scalar quantity g. The
vibrational angular momentum quantum number
can take v+ 1 values, —v, —v+2,...,0 or 1,...,
v—2,and v.

Now we introduce the ladder operator technique
to build up the wavefunctions of the THO [7, 18].
First we define the following operators:

g =q,tiqy and pF=p.tipy.  (51)
Then four ladder operators are defined as
RE® =pO/h+ jg® (52)

where =+ signs are correlated with each other and
the (%) signs are also correlated with each other.
Using commutation relations,

p% ¢%1=0 and [p%,¢T]1=-2ih,  (53)

it is shown that

Fig. 2. Coordinates for the bending vibration in a linear
ABC molecule.
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and

[M, RE®] = () hRED, (54)

Equations (54) show that the operator R*™ is
the ladder operator for 4v =+ 1 and 4/=+ 1, that
R*© is the ladder operator for Ar=+1 and
Al=—1, and so on. The matrix elements of these
ladder operators can be evaluated using the rela-
tions

RTOR O =2Hmo/hw+2M/Ih—-2  (55)
and
R MR*O =2Hyo/hw —2M/h+2. (56)
From (55) we obtain
&L NRYOR O, =20 +1)). (57)
The left side of the equation can be rewritten as
(e I IRYOIR=O |, 1)
= o, [|R*® |z = 1,1=1)?
== 1,1-=1ROe, 2, (58)
where a relation,
R e —1,1-1)
=@ —1,1=1RO ¢, D*, (59)

was used, which i1s derived from the hermitian
properties of the operator p and g. Then from (57)
and (58) we have

AR (o= 1, 1= 1) =[2( + D]?exp[i &], (60)

where we assume that the arbitrary phase & is con-
stant for all matrix elements as we have done in the

case of symmetric-top wavefunctions. Similarly
from (56) we obtain
e+ 1,1=1\R¥O |,
=[2@-1+2)]"explin], (61)
where we use the relation
AR D e +1,1-1)
=+ 1,1=1/R*O ¢, *, (62)

The matrix elements of R~ and R*©) operators
can be obtained automatically by using (59) and
(62).

Using (60) and (61) the eigenfunctions . /) can
be generated from the totally symmetric function
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0, 0). Equation (60) is rewritten as
n+l,n+1)=exp[—i] (63)
[+ D]7V2R*D [ n, n).

By successive use of this equation n times, starting
from |0, 0), we obtain

n,ny=exp[—in&]27"(n!)"12
“(R*™)"10,0). (64)
Equation (61) is rewritten as
n+p+ln—(p+1))=exp[—ind(p+D]""?
“R*O n+p,n—p). (65)

By successive use of this equation m times, starting

with n, n), we obtain

n+mon—my=exp[—imn]2~"(m!)""?
(RN n, n) . (66)

Substituting (64) into (66), and changing the nota-
tion n + mto v and n — m to [, we have

v, [y= N, (RTO)C=D2(RH®) D210 0% (67)
where the normalization factor N, ;is
Ney=expl=i(e + 1 &2~ i —Dn/2]
27 (e + DM@ = /2] (68)
Then a relation we use later may be shown to be
Noi=N,—exp[=i(E=n)1]. (69)

VII. Symmetry Properties of Linear Molecule
Wavefunctions

Before discussing the rovibrational wavefunctions
of linear molecule, we will check the symmetry
properties of the eigenfunctions of the two-dimen-
sional isotropic harmonic oscillator under the
molecular symmetry operations [7]. The common
symmetry operation of all kinds of linear molecules
is the inversion of the coordinates, E*. The opera-
tion E* is illustrated in Fig. 3 for a linear ABC
molecule. It is easily seen that the transformation
properties of the Euler angles are represented by the
equivalent rotation R}. Bunker [7] defined the
molecule-fixed axes after the E* operation in a
different way: in his book the equivalent rotation of
E* is RY. However. the present author prefers the
definition of Fig. 3. because the equivalent rotation
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Fig. 3. Effect of the operation E* for a linear ABC molecule.

of E* for a very slightly bent ABC molecule is
R} in the /" axis representation.

The Euler angle y and the phase of the degenerate
vibration « are transformed as

1——x, and a— —o. (70)
Then the operator ¢=, which is

gt =qexp[tia] (71)
is transformed by E* as

q* =4 (72)

the amplitude g is a scalar quantity which is in-
variant under any symmetry transformation. Simi-
larly we obtain

== pF. (73)

Using (72) and (73) we obtain the operator equa-
tions

E*RTH) = R+ Ex
and

E*R*O) =R+ E* (74)

Operating with E* on the both sides of (67), and
using (74), we have

E* v, /> =N, E* (ﬁﬂ—))(1'—1)/2(1é+(+))(r+/)/2 0,0)>
— A’Yz- i (R‘+(+))((’-I)/Z(R"+(—))(r+l)/2E* 0’ 0>
= Nog (RO C=2(R)07210, 05, (75)
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y4
where we have used the transformation
E*|0,0>=0,0). (76)
Then using (69) we have
E*[v,ly=exp[-i(E—mle.~D. (7

The rovibrational wavefunction of a symmetric-top
molecule is a product of the symmetric-top wave-
function and the vibrational wavefunction,

w=Jk,mylvg vy,

where v, represents all non-degenerate vibrations,
and v, represents all doubly degenerate vibrations,
which are described by the eigenfunctions of THO
Hamiltonian discussed above. If we select the func-
tions which satisfy the relation

k=Y 1=1,
!

from the rovibrational wavefunctions of a sym-
metric top molecule, we have a basis set for a linear
molecule [7]. Although these wavefunctions contain
a redundant angle coordinate, they form a complete
basis set of a linear molecule with the restriction of
(79). They are

(78)

(79)

L hmouvg, v, ly=|J,,m)|lvs, v, 0y.  (80)

Since the transformation properties of the sym-
metric top wavefunction |J, k, m) are known, and
since the transformation properties of the THO
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wavefunctions are known, we can obtain the trans-
formation properties of the linear molecule basis
function;

EX\J, Log, v, 1y

=(=1)*exp[2i /]

cexp[—idl] J,—Lmvg, v, — 1), (81)

where we have used the fact that the wavefunctions
for the stretching vibrations are symmetric under
the E* operation, and where we have assumed that
the phase differences &, —#, are the same for all
bending vibrations

o=<&— . (82)

Now we look at the case of a triatomic linear
molecule, where only one bending mode exists.
The discussion is much simpler in this case: the
wavefunction can be represented by 'J, , m, vy, v,, v3)
where ¢, is the bending mode as usual; in short
J.lv). Then we can define Wang-type linear
combinations for /# 0, which form a basis set for
the irreducible representation of the group {E, E*}:

L, e, py={J,11,v)
+ (=0, =1, e))2 . (83)
From (81) we obtain
E*|J, [, v.y)=(=1)"*7exp[-i(2Q0— )]
AL L)+ (=1)7exp[-2i (2o — d) 1]
=L o2 . (84)

As we have seen in the Wang linear combinations
for the asymmetric top, a special choice of phase is
required for making the linear combination (83)
form a basis set of the irreducible representation.
That is

exp[—2i(2o—9)/]=1, or 20—d=nn. (85)

If we keep the phase choice limitation of ¢ which is
obtained in (36), we can conclude that the phase
choice

o=nn (86)

is required. Although there are many combinations
of o and ¢ fulfilling (36) and (86), the choice of
phase can be grouped into two cases: for the phase
choice (1) 20— 0=0.

EX|J, |, e, =D 0 1, e,9),  (87)
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and for the phase choice (ii) 20— d=n,

Ex|J, |1, v,9)=(1/*"J,|l,v,7). (88)

Here and in the subsequent discussion, the choice of
phase is represented by 0 or 7 instead of the general
form of (85). The possible combinations of the
phases o and ¢ are summarized in Table 5 with the
symmetry (parity) of the linear combinations in
(83), where E*, E-, O, and O~ notations are used
in analogy with the asymmetric top wavefunction
by using the correspondence between K and /.
Equation (86) requires the “arbitrary’” phases in
(60) and (61) be related by 6= ¢ — y=nn In most
published discussions the phase choices are not
given explicitly by these two equations, but im-
plicitly by fixing the matrix elements of ¢~ and p=~.
Typical choices of ¢ and # are summarized in
Table 6 with the various resulting matrix elements.

VIII. /-Type Doubling

The /-type doubling of a linear molecule is caused
by the perturbation term [19, 20]

H == 0dZU ()2 (J0)* + (50 (I /mt

=7y (gD D+ (@) UIDIM (89)

where we consider only one bending vibration. The
matrix elements of the above operator can be
calculated to be

2,0 B J, 1L v)y=(q/4)exp[F 2io]exp[£id]
AU+ =1 DT+ 1)

(DX £ 1+2)( F V2, (90)

Table 5. Symmetry of the Wang-type linear combinations
for linear molecule wavefunctions for E* operation?®.

Phase
20-6 / 3 evenJ oddJ eorfb
0 E* e e + - e
E- e 0 - + f
0T o e - + f
0O~ o 0 + = e
n E* e e + = e
E- e 0 - + f
ot o e + - e
0~ 0 0 - + f

@ Symmetry for E* is usually called parity, and indicated
by + (symmetric) and — (antisymmetric).
®’See Ref. [25].
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Table 6. Matrix elements of g* and p* in various choices of phases®.
Phase choices
(i) 0=¢—n=0 (i) 6=¢C—n=mn
E=0 /2 n 3n/2 0 /2 n 3n/2
n=0 n/2 n 3n/2 n 3n/2 0 n/2
G+ LI+ e,y f i = =i f ¥ = ~if
e+ 1L,14+19% 0, D) —if I if —f —if V4 if =f
o—1,1+1|pt/h|v, > g’ —-ig  -g ig’ -g’ ig’ g’ —ig’
G=Lit1lg el ig g -ig -~ —ig"  —¢' ig g
G+l I=1p /ey £ if  =f  =if =f =if S if
<l' 3 1’ I__ 1 ‘q—\ v, [> _lfr f/ If/ _f/ lf/ __f*; _lf' f/
e—=1,1=1|p/h|v, D) g -—ig -—g ig g —ig -g ig
-1,1-1|q"|v,) ig 9 —ig -g ig g —ig -9
A f=[(+1+2)2Y% f =[(v —1+2)/2]"% g=[(v + )/2]V%, and g’ = [(v — [)/2]"%.
where the arbitrary phases are explicitly included. combination in (83) to be
The quantit is called the /-type doubling con- .
quantity ¢ P g U, Lo,y B |J1,0,7) (94)

stant:

q=—2{ledzlr 4 [ee]z[”]} o1
which in the harmonic approximation is
g=(B*w)
+H4 Y (G ol (i = o). ©2)

s
This quantity ¢ is independent of the phase choice.
The problem is that what is used by most spectro-
scopists is not this g but the value including the
arbitrary phase factor,

Gg=qexp[+i(2e—9)].

The first order energy correction due to the /-type
doubling interaction in the |/|=1 state can be
calculated by the matrix elements of the perturba-
tion Hamiltonian A’ using the Wang-type linear

(93)

=(=1)"cos(20—8)(g/4) (v + NI (T + 1).

The problem is exactly the same as that given in
Sect. V for the K-type doubling of an asymmetric
rotor. Equation (94) should be compared with the
last term in (39). The energy correction given in (94)
changes its sign when the phase (20— d) is changed.
In the case of K-type doubling, the parameter
(B—C) is always positive by definition. However, in
the case of /-type doubling the parameter g can con-
ceivably be positive or negative. Therefore there are
four possible cases of correspondences between the
energy levels and wavefunctions as summarized in
Table 7. The important result is that if g is positive,
the upper /-type doubling component for |/| =1 is
of symmetry f for any choice of phase and the lower
is of e, and this relation is reversed when g is

Table 7. Correspondence between wavefunctions and energy levels in /-type doubling components

of a linear molecule in |/| = 1 state.

Phase choice

(1) 20-96=0 (i) 20—d0=m
q /-doubling symmetry q w.f. q w.f.
s upper f o+ o0~
positive o o >0 o- <0 o+
. upper € O~ o+
negative T £ <0 o+ >0 O-
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negative. However we have to be careful about the
fact that the value of the /-type doubling constant
given in most papers is not ¢ but § which includes
the phase contribution. The sign of 4 is also listed in
Table 7 in order to make this point clear.

IX. /-Type Doubling in Symmetric-Top Molecules

For completeness we discuss in this section the
symmetry properties of the rovibrational wavefunc-
tions and /-type doubling of a symmetric-top mole-
cule. Since the most common symmetry of the sym-
metric top molecules is Cs,, we discuss here only
molecules of this symmetry, e.g., CH3X, of which
the character table is listed in Table 8. The wave-
functions are given by (78). For simplicity we con-
sider one degenerate vibration only;

y=\|Lkmylv, D= \J,k,v,[). (95)

The rotational part of the wavefunction has the
symmetry properties given in (30). Thus, using the
equivalent rotations of the symmetry operations, the
following transformations are obtained:

(123) J, k,my=-exp[2nik/3]|J, k, m)

and
(23)* J. k.m)y = (—1)/**exp[2i0k] J,—k,m). (96)

The vibrational part of the wavefunction is the
THO wavefunction discussed in Section VI. By
rotating the molecule-fixed axis about the z axis by
/ (R? operation) the angle coordinate of the degen-

erate vibration x is transformed as
o—=ro—p. 97)

By a simple geometrical consideration it is con-
cluded that the operators ¢* and p~ are transformed
by RY as

q* = exp[FiBlg™

and
pE - exp[FifpT. (98)
Table 8. Molecular symmetry group Cs,.
Cs, E (123) (23)*
equiv. rot. R’ R R}
A 1 1 1
A, 1 1 -1
E 2 -1 0
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From these transformation properties, (97) and (98),
the following operator equation can be proved:

RER*®) = exp[(F)i fJRT®RE. (99)

A similar method used in (75) can be applied to
obtain the transformation property of the function

v, [,

RE v, [y=exp[—ipN|v,l).
Since the equivalent rotation of the (123) operation
is R2™3, and since the radial variable of the degen-
erate vibration is invariant under the symmetry

operation, we can conclude that the function |v, /) is
transformed by the (123) operation as

(123) v, [y =exp[—2mil/3]|v, [} .

(100)

(101)

The equivalent rotation of the (23)* operation is
R}, which is the same as that of E* in a linear
molecule. Therefore the function |v, /) should be
transformed by (23)* in a similar way as given
in (77)

23)*|v, D =exp[-idN|v,—1).

Combining (96), (101), and (102), the symmetry
properties of the rovibrational wavefunctions of a
symmetric-top molecule is obtained as

(123) L kv, y=exp[=2mi(l—k)/3]|J, k, v, [y,

(102)

and
(23)* | J, kv, D)
= (=1 exp[i(Qok — o] J. —k,v,—1). (103)

These symmetry properties should be compared
with those expressed in a traditional method, e.g.,
by Oka [21], where the phase factor is not explicitly
given.

The symmetry species A or E is distinguished by
the transformation property under the (123) opera-
tion. As can be seen in the upper equation of (103),
the character for this operation is determined by the
number (/— k), which is Hougen’s quantum num-
ber G [22]. When G = [—k =3n, n=integer,
the function J, k., ¢, /) is of symmetry A, and when

G #*3n, the pair of functions, |J,k,rv,/) and
J,—k,v,—[) belongs to the E species. In this
distinction between the A and E species, the phase
factor plays no role. The A, and A, symmetry, how-
ever. are distinguished by the second equation of
(103) which includes the phases of the rotational
and vibrational wavefunctions.
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If the phases of the wavefunctions are properly
chosen

20k—dl=0 or m, (104)

the Wang-type linear combinations of the pair func-
tions

L Koe,Lyy={J,K v,y
+ (=17, =K, e, =D)/)V2,

form a basis set of the irreducible representation;
A, and A, for |G| =3n and E for |G| # 3n. In the
above equation, K = k| as usual, but / is still a
signed quantity in both sides. It is assumed in (105)
that at least £ or / is not zero. If both k£ and / are
nonzero, then there are four states for a given K and
|1], which are degenerate in zero-th order approxi-
mation: two wavefunctions of |J, K, v, |/|,7) and
two of |J, K,v,—|/|,y). Now we discuss only the
special case of K=1 and |/|=1, which is most
important. In this case, the functions |J, K, v, |/], y)
are linear combinations of functions with G =0, and
the functions |J, K, v, —|/|,y) are linear combina-
tions of |G|=2 functions. Therefore the former
functions are of A| and A, species, and the latter are
of E species. In the language of spectroscopy, we say
that the A and E states are separated by the first
order Coriolis interaction. The degenerate E state
cannot be separated any more. The two A states are
separated into A; and A, states by the /-type
doubling. Since the A; and A, functions of the
K=|l|=1 state are combinations of k =/ wave-
functions, they are exactly the same as those of a
linear molecule given in (83). Therefore the sym-
metry properties and the correspondences between
the energy levels and wavefunctions in the /-type
doubling components are exactly the same as those
discussed in Sect. VII and VIII for linear molecules.

However, very unfortunately, the phases of the
rovibrational wavefunctions for a symmetric top are
often chosen by spectroscopists differently from
those of the linear molecule. This discrepancy seems
to originate in the history of vibration-rotation
theory.

(105)

X. Comments

Sometimes the ladder operators of the molecule-
fixed angular momentum are defined by

Fi=J,xil,, (106)
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e.g., Nakagawa and Morino [19] and Oka [21],
instead of by (13). This operator can be related to
our ladder operator by

Joi=t i, (107)
Therefore if we change the definition of the ladder
operator as in (106), we will see the phase of the
wavefunction shift by /2.

A similar phase shift occurs if we use the I' axis
representation [15] in the asymmetric top Hamil-
tonian. The ladder operator in the /" representation
which is used in the present work is

JE=J,xil,, (108)
and in the I’ representation is
JE=J0. xiJ,. (109)

The difference between the definitions (108) and
(109) is exactly the same as that between (13) and
(106). Thus this change of definition also results in
a phase shift of 7/2.

Such a freedom to define the angular momentum
ladder operators also exists in the definition of the
ladder operators for the two-dimensional isotropic
harmonic oscillator. We have to be careful about
which definition of the ladder operators is used,
which molecule-fixed axis representation is used,
and which phase factor is used in the ladder
operator matrix elements.

Cartwright and Mills [23] introduced an addi-
tional sign factor for the /-type doubling pheno-
menon which is operationally defined: the sign
factor is so chosen that the sign obtained for §
agrees with the conventionally defined one. How-
ever, as we have seen, the sign of the phase-inde-
pendent ¢ can be obtained if the symmetry of the
I-doubling component is known. It is in principle
possible to identify the symmetry of the level by
combining microwave spectra and high resolution
infrared spectra. The former can provide exact in-
formation on the effective B constants for the
doublets, from which we can distinguish the upper
and lower component of the doublets. On the other
hand, the latter gives symmetry information from
the selection rule.

Blass [24] discussed similar problems arising from
the phase choices in the case of first order Coriolis
resonances in Cs, molecules. The present discussion
can be applied to this problem also.
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